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On Furstenberg’s Proof of the
Infinitude of Primes

Idris D. Mercer

Theorem. There are infinitely many primes.

Euclid’s proof of this theorem is a classic piece of mathematics. And although one
proof is enough to establish the truth of the theorem, many generations of mathemati-
cians have amused themselves by coming up with alternative proofs. See, for example,
[2], or Chapter 1 of either [1] or [4].

There is a particularly striking proof, due to Furstenberg in 1955 [3], that uses, of
all things, topological language! In this note, we give a variant of Furstenberg’s proof
that avoids topological language and thus, in the opinion of the current author, better
exhibits the “real reason” that Furstenberg’s approach works.

Definition. If m and r are integers with m ≥ 1, we let r + mZ denote the set of inte-
gers congruent to r mod m, so for example,

2 + 7Z = 9 + 7Z = −5 + 7Z = {. . . , −12, −5, 2, 9, 16, . . . }.
We call any such set an arithmetic progression, or AP for short.

Notation. For m ≥ 2, the set of integers not divisible by m is

(1 + mZ) ∪ · · · ∪ (
(m − 1) + mZ

)
,

which we abbreviate by NM(m) (which stands for “non-multiples” of m).

Claim 1. A finite intersection of APs is either empty or infinite.

Proof. If x belongs to ri + mi Z for 1 ≤ i ≤ k, then so does x + y where y is any
common multiple of the mi .
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Claim 2. If S is any collection of sets, then a finite intersection of finite unions of sets
in S is also a finite union of finite intersections of sets in S .

Proof. This just states the fact that intersection distributes over union. For example,
we have

(R ∪ S ∪ T ) ∩ (U ∪ V ) ∩ (W ∪ X) = (R ∩ U ∩ W ) ∪ (R ∩ U ∩ X)

∪ (R ∩ V ∩ W ) ∪ (R ∩ V ∩ X)

∪ (S ∩ U ∩ W ) ∪ (S ∩ U ∩ X)

∪ (S ∩ V ∩ W ) ∪ (S ∩ V ∩ X)

∪ (T ∩ U ∩ W ) ∪ (T ∩ U ∩ X)

∪ (T ∩ V ∩ W ) ∪ (T ∩ V ∩ X).

Proof of Theorem. If p1, . . . , pk were all the primes, we would have

{−1, +1} = NM(p1) ∩ NM(p2) ∩ · · · ∩ NM(pk),

which is a finite intersection of finite unions of APs and hence, by Claim 2, a finite
union of finite intersections of APs, which by Claim 1 must be either empty or infinite.
This is a contradiction.
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Mean, Meaner, and the Meanest
Mean Value Theorem

J. J. Koliha

. . . the real nature of the Mean Value Theorem is exhibited by writing it as an
inequality.

—J. Dieudonné

1. INTRODUCTION. The Mean Value Theorem of the elementary calculus keeps
attracting the attention of mathematicians who ponder how to make its proof simple
and elegant [1], how to generalize it [10], how to use it in proofs of other theorems [8],
and, perversely, how to avoid it [2]. This MONTHLY has carried dozens of articles in
which the Mean Value Theorem was the hero or the villain (for instance [5]).
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